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Abstract
We show that the Clifford bundle over a curved spacetime can be
used as framework in which both the Dirac and the Einstein equations
can be obtained. These equations, and their coupling, follow from the
variational principle applied to a Lagrangian constructed from natural
geometric invariants. We also briefly indicate how other forces can
potentially be incorporated within this geometric framework.
1 Introduction
The Dirac equation on Minkowski space M can be written in the form
iγα∂αψ = mψ. The gamma matrices γ
α give a representation of the Clifford
algebra on M. These matrices act on a complex four dimensional vector
space V , and spinors ψ are V –valued fields ψ : M→ V . Although V and M
are both four dimensional spaces, they are fundamentally different. Indeed,
if Λ is a Lorentz transformation, then v′ = Λv is the transformation rule
for four-vectors in M. In contrast, the corresponding transformation rule for
spinors in V is ψ′ = Sψ, where S = Σ(Λ) is the image of Λ under the spin
representation Σ of the Lorentz group constructed from the gamma matrices.
The standard approach to generalizing the Dirac equation to a curved
spacetime M is to assume that spinors are fields of a rank four complex
vector bundle E overM . The connection on E is given by the spin connection
∇µψ = ∂µψ + Γ
(s)
µ ψ. The spin connection matrix Γ
(s)
µ can be expressed in
terms of the metric ηab and gamma matrices γa for Minkowski space, as well
1
as vierbein eaµ that determine the metric on M : gµν = e
a
µe
b
νηab. Indeed,
Γ(s)µ
.
= 1
8
([γν , ∂µγν]− Γ
ρ
νµ[γ
ν , γρ]) (1)
where γµ = e
a
µγa. The Dirac equation on M is then iγ
µ∇µψ = mψ. See [4].
A drawback of this approach is that the geometric and topological rela-
tionship between the spinor bundle E and spacetime M is not specified a
priori, so it is not clear how non–zero mass solutions to the Dirac equation
couple with gravity. The main idea of this article is to use use the (real)
Clifford bundle Cl∗M in place of E, thus completely specifying the relation
between spinor space and spacetime. The immediate price paid however, is
that spinors are now sixteen dimensional. We will see that an even steeper
price must be paid: the spin action constructed from the gamma matrices
must be replaced by the action of the Lorentz group on M when extended
to Cl∗M . The spin action is still present, but it is relegated to a secondary
role.
The work presented here is related to the spacetime algebra formulation
of the Dirac equation on Minkowski space by Hestenes [2]. The spacetime
algebra is the Clifford algebra Cl(M) of Minkowski space, and spinors are
fields of the real eight dimensional subspace consisting of even order elements.
Using the complex structure induced by the unit pseudoscalar of Cl(M), this
subspace can also be identified as a four dimensional complex vector space.
Under this identification, the spacetime algebra formulation is equivalent
to the usual Dirac equation. In contrast, the formulation presented in this
article, when restricted to Minkowski space, uses the entire Clifford algebra
instead of a subspace. Although possible to do so, we do not make use of the
complex structure.
Article summary. We start off by reviewing the basic constructions used
with the Clifford bundle, such as the extending the metric, connection, and
curvature. We then indicate how these constructions transform under a
change of coordinate basis, and write down some basic invariant quantities.
After briefly discussing the spin action, we construct a Lagrangian from the
geometric invariants and compute its variation with respect to (1) the spinor
field, and (2) the metric. We end by discussing how minimal coupling can
be used to incorporate other forces.
2
2 Geometric framework
Let M denote spacetime. That is, M is a four–dimensional Lorentz manifold
with metric g. Throughout we let x = xα, for α = 0, 1, 2, 3, denote local
coordinates for M , and let eα
.
= ∂/∂xα be the corresponding basis for the
fiber of the tangent bundle T∗M of M at x. We adopt the usual conventions:
gαβ
.
= g(eα, eβ) are the components of g, and g
αβ are the components of
the metric inverse g−1, so that gαβ g
βµ = δµα. Here and throughout the
summation convention is used. The canonical metric–compatible connection
on T∗M is denoted by ∇: ∇αeβ = Γ
µ
αβeµ, where Γ
µ
αβ = g
µνΓναβ and Γναβ =
1
2
(gναβ − gαβν + gβνα), with gαβν
.
= ∂νgαβ = ∂gαβ/∂x
ν .
Although it has little bearing on the discussion, we take the signature
of g to be (−,+,+,+). Note however, that when combined with the Dirac
algebra sign convention γαγβ + γβγα = 2gαβ, the Dirac equation takes the
form γα∂αψ = mψ.
Clifford bundle. Let Cl∗M denote the real Clifford bundle of M , which is
formed by taking the Clifford algebra of the fibers of the tangent bundle of
M . In other words, Cl∗M is the result of imposing the relations
eαeβ + eβeα = 2gαβ
on the tensor algebra of T∗M . The Clifford bundle is a real vector bundle of
rank sixteen over M . For example, we can use
e∅
.
= 1, e0, e1, e2, e3, e01, e02, e03, e12, e13, e23, e012, e013, e023, e123, e0123
as a local real vector space basis for the fibers of Cl∗M , where we have set
eI
.
= eα1eα2 · · · eαk for the multi–index I = α1α2 · · ·αk. If I has an even or
odd number of indices, we say that eI is of even or odd order, respectively.
A spinor field ψ on Cl∗M is a section, and we write ψ = ψ
IeI for some
real–valued functions ψI = ψI(xα) with I = ∅, 0, 1, . . . , 0123. We say that ψ
is even (odd) if it can be expressed a combination of only even (odd) order
basis vectors.
Extended metric. We extend the metric on T∗M to a metric on Cl∗M ,
which we denote as gˆ, by setting
gˆ(ψ, φ)
.
= −1
2
〈ψ†φ+ φ†ψ〉∅.
Here, ψ† denotes the involution on Cl∗M obtained by the linear extension of
(eα1α2···αk)
† .= (−1)keαk···α2α1 , and 〈ψ〉∅ denotes the linear projection onto the
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e∅–component of ψ; i.e., 〈ψ
IeI〉∅ = ψ
∅. We see that gˆ so defined is symmetric:
gˆ(ψ, φ) = gˆ(φ, ψ), or equivalently as a 16× 16 matrix, gˆT = gˆ. Moreover, we
have gˆ(uψ, φ) + gˆ(ψ,uφ) = 0 for all four–vector fields u on T∗M .
Extended connection. The metric–compatible connection ∇ on T∗M can
also be extended to Cl∗M , which we denote by ∇ˆ, via the Leibniz rule:
∇ˆµ(eIeJ) = (∇µeI)eJ + eI(∇µeJ).
Define the extended Christoffel symbol ΓˆJαI such that ∇ˆαeI = Γˆ
J
αIeJ . We may
write ∇ˆµψ = ∂µψ + Γˆµψ, where Γˆµ denotes the 16 × 16 matrix with com-
ponents (Γˆµ)
J
I = Γˆ
J
µI . The extended metric is compatible with the extended
connection: gˆ(∇ˆµψ, φ)+gˆ(ψ, ∇ˆµφ) = ∂µgˆ(ψ, φ). Equivalently in matrix form,
ΓˆTµ gˆ + gˆ Γˆµ = ∂µgˆ. (2)
We remark that the extended connection is not equal to the spin connection,
equation (1). Indeed, the spin connection is not compatible with the extended
metric.
Gamma matrices. For a four–vector field v on T∗M , we define the gamma
matrix γv as Clifford multiplication on the left: γvψ
.
= vψ. In particular, we
set γα
.
= γeα . As usual, we define γ
α .= gαβγβ. One verifies that
γαγβ + γβγα = 2gαβ and γ
αγβ + γβγα = 2gαβ (3)
and
γTα gˆ + gˆ γα = 0 (4)
as well as the commutation relations with the extended Christoffel symbols
[γα, Γˆβ] = ∂βγα − Γ
ǫ
αβγǫ and [γ
α, Γˆβ] = ∂βγ
α + Γαβǫγ
ǫ. (5)
Extended curvature. Recall that the Riemann curvature operator Ωαβ
on T∗M is given by Ωαβ = ∇α∇β − ∇β∇α − ∇[eα,eβ ]. Note that as we are
assuming that the eα are coordinate frames: eα = ∂/∂x
α, we have that
[eα, eβ] = 0. By using the extended connection in place of the connection,
we obtain the extended curvature operator Ωˆαβ for Cl∗M . In matrix form,
we have
Ωˆαβ = ∂αΓˆβ − ∂βΓˆα + [Γˆα, Γˆβ]. (6)
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Dirac operator. Clifford multiplication allows us to define the Dirac oper-
ator on Cl∗M by Dψ
.
= eα∇ˆαψ. Equivalently,
Dψ = γα∂αψ + γ
αΓˆαψ. (7)
Extended group action. Suppose that A is a (local) transformation on
T∗M , so that Aeα = A
β
αeβ . We extend to a transformation on Cl∗M :
AˆeI
.
= (Aeα1) · · · (Aeαk) = A
β1
α1
· · ·Aβkαkeβ1 · · · eβk = Aˆ
J
I eJ . (8)
A is defined to fix e∅: Ae∅ = e∅. We may view Aˆ as a 16 × 16 matrix that
contains the 4 × 4 matrix A: Aˆβα = A
β
α. Note that if A is invertible, then
(A−1)ˆ= Aˆ−1.
Most of the definitions given here are standard. See [3] for instance,
although the notation and conventions employed are different.
3 Change of bases and invariants
Let B be a local change of basis for T∗M , so that we have the new fiber
basis e′α = (B
−1)βαeβ . Using (8), we extend B to a change of basis for Cl∗M ,
e′I
.
= Bˆ−1eI = (Bˆ
−1)JI eJ . We indicate how the geometric quantities of the
previous section are affected by such a change of basis.
For a field ψ on Cl∗M , we have ψ = ψ
IeI and ψ = ψ
′Ie′I , so that ψ
′I =
BˆIJψ
J gives the transformation rule for fields on Cl∗M . In matrix form
ψ′ = Bˆψ. (9)
From the definition of the extended metric on Cl∗M , we find that gˆ trans-
forms according to the rule gˆ′IJ = (Bˆ
−1)KI (Bˆ
−1)LJ gˆKL. I.e.,
gˆ′ = Bˆ−T gˆBˆ−1. (10)
To deduce the transformation rule for the extended connection, we note
that for a four–vector field v = vαeα, we have ∇ˆv = v
α∇ˆα. Thus ∇ˆ
′
α =
∇ˆe′α = (B
−1)βα∇ˆβ. Setting B˜
.
= Bˆ−1 for notational convenience, one com-
putes ∇ˆ′αe
′
I = (B
−1)βαBˆ
L
J (∂βB˜
J
I + Γˆ
J
βKB˜
K
I )e
′
L. In matrix notation, Γˆ
′
α =
(B−1)βαBˆ(∂βBˆ
−1 + ΓˆβBˆ
−1). Or equivalently,
Γˆ′α = (B
−1)βα(−∂βBˆ + BˆΓˆβ)Bˆ
−1 (11)
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For the gamma matrix transformation rule, we compute that γ′αe
′
I =
e′αe
′
I = (B
−1)βαBˆ
L
Kγ
K
βJB˜
J
I e
′
L. It follows that
γ′α = (B
−1)βα Bˆ γβ Bˆ
−1 and γ′
α
= Bαβ Bˆ γ
β Bˆ−1 (12)
The second equation follows from the first via the identity g′αβ = Bαρ g
ρσBβσ .
Using equations (9), (11), and (12) one computes that Dψ transforms
like a field:
D′ψ′ = BˆDψ. (13)
The curvature of any connection is well–known to be tensorial. Thus the
extended curvature operator Ωˆαβ transforms as
Ωˆ′αβ = (B
−1)ρα(B
−1)σβBˆ Ωˆρσ Bˆ
−1. (14)
This equation may also be obtained directly from the definition of the ex-
tended curvature.
Theorem 3.1. The following scalars are invariant under an extended change
of basis:
ψT gˆ ψ, ψT gˆ Dψ, trk(γ
αγβΩˆαβ)
Here trk(A) denotes the k–th order trace of the n×n matrix A, and is defined
by det(I + sA) =
∑n
k=0 s
k trk(A). In particular, tr1(A) = tr(A), the usual
trace of a matrix. And trn(A) = det(A), the determinant of A.
It should be noted that although we have only considered a change of
basis transformation on Cl∗M obtained by extending one on M , we can also
consider a general change of basis. That is, locally e′I = (A
−1)JI eJ . If we do
so, then only transformation rules (9) and (10) are valid, and only the scalar
ψT gˆψ is invariant.
4 Spin action
The Lorentz group O(g) consists of (local) transformations Λ on T∗M that
preserve the metric on M : ΛTgΛ = g. We may extend the action of O(g)
on M to Cl∗M just as in equation (8). One shows that the extended ac-
tion preserves the extended metric. However, not every transformation that
preserves the extended metric is obtained in this manner. The standard con-
struction with gamma matrices can be used to generate another action, the
spin action on Cl∗M . This action also preserves the extended metric.
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Recall that the Lorentz algebra so(g) consists of (local) transformations
L on T∗M such that L
T g + gL = 0. Moreover, so(g) is generated as a (real)
vector space by transformations of the form
u ∧g v
.
= (uvT − vuT )g (15)
In fact, the six elements of the form eα ∧
g eβ with α < β form a real vector
space basis of so(g). We obtain the (local) spin representation σ of so(g) by
making the assignment
σ(u ∧g v)
.
= 1
4
(γuγv − γvγu). (16)
and extending linearly over all of so(g). This defines a Lie algebra represen-
tation. Moreover, equation (4) implies that σ(L) is in the Lie algebra so(gˆ).
That is, σ(L)T gˆ + gˆσ(L) = 0.
Exponentiation in so(g) gives the proper orthochronous subgroup SO+(g)
of O(g): if L ∈ so(g), then exp(L) is in SO+(g). On the other hand, ex-
ponentiation of the spin Lie algebra representation gives the spin Lie group
representation Σ of SO+(g). In particular if Λ = exp(L), then Σ(Λ) =
exp(σ(L)). It should be noted that Σ is actually a projective representation
in that it is only defined up to sign. Specifically, if exp(L1) = exp(L2), then
exp(σ(L1)) = ± exp(σ(L2)).
The Lie group SO+(g) thus acts locally on Cl∗M : ψ 7→ Σ(Λ)ψ. We
will call this this the spin action. Technically, since Σ is only a projective
representation, we are actually acting on the (fiber–wise) projectivization
PCl∗M , where two elements of Cl∗M are identified if one is a nonzero scalar
multiple of the other. This is implicit in the following. Using the techniques
in [1], one obtains the well–known transformation law for gamma matrices.
Theorem 4.1. The extended metric is invariant under the spin action.
Moreover, if S
.
= Σ(Λ), then SγvS
−1 = γΛv for all four–vectors fields v.
When we apply the spin action to Cl∗M , we have the transformation
rules ψ′ = Sψ and gˆ′ = gˆ. On the other hand, the spin action is not always
compatible with the extended connection. Indeed, one computes that
∇ˆαSψ = (∂αS + [Γˆα, S])ψ + S∇ˆαψ
So that ∇ˆαψ
′ = S∇ˆαψ if and only if ∂αS = [S, Γˆα]. This is the case when M
is Minkowski space. In general if g constant, then ∂αS = 0 and Γˆα = 0.
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5 Variational formulas
Let ω
.
=
√
−det(g) denote the spacetime density. We may use the invariant
scalars in theorem (3.1) to form the invariant Lagrangian
L
.
=
∫
M
(Ld + µLm + κLg) dV (17)
where dV is the spacetime volume element, µ and κ are constants, and
Lm
.
= ω ψT gˆ ψ and Ld
.
= ω ψT gˆ Dψ and Lg
.
= ω tr(γαγβΩˆαβ)
We remark that we may also use Lg = ωR, where R is the scalar curvature
of the (non–extended) connection Ω on T∗M . Both choices are equivalent,
as we will see in section 5.2.1. However, the use of the extended curvature is
more amenable to minimal coupling, as discussed in section 6.
5.1 Field variation
As Lg does not depend on ψ, we only need to compute the variations of Lm
and Ld with respect to ψ
I , where ψ = ψIeI . Write Lm = ψ
I gˆIJψ
J . The
symmetry of gˆ implies that δLm/δψ
I = 2ωgˆIJψ
J . We will abbreviate this as
δLm
δψ
= 2ω gˆ ψ. (18)
We now compute the variation of Ld, with respect to ψ. We will show
that δLd/δψ
I = 2ωgˆIJ(Dψ)
I . I.e.,
δLd
δψ
= 2ω gˆ Dψ (19)
Write Ld = ωψ
I gˆIJγ
αJ
K (ψ
K
α + Γˆ
K
αLψ
L), where ψα
.
= ∂αψ. It is well–known
that ∂αω = Γ
β
βαω. Therefore,
∂α
∂Ld
∂ψIα
= ∂α(ωψ
J gˆJKγ
αK
I )
= ω,αψ
J gˆJKγ
αK
I + ωψ
J
α gˆJKγ
αK
I + ωψ
J gˆJK,αγ
αK
I + ωψ
J gˆJKγ
αK
I,α
= Γǫǫαωψ
J gˆJKγ
αK
I + ωψ
J
αgˆJKγ
αK
I + ωψ
J(ΓˆLαJ gˆLK + gˆJLΓˆ
L
αK)γ
αK
I
+ ωψJ gˆJK(γ
αK
L Γˆ
L
αI − Γˆ
K
αLγ
αL
I − Γ
α
αǫγ
ǫK
I )
= ωψJαgˆJKγ
αK
I + ωψ
J ΓˆLαJ gˆLKγ
αK
I + ωψ
J gˆJKγ
αK
L Γˆ
L
αI
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Here we have made use of equations (2) and (5). The variation of Ld is then
δLd
δψI
=
∂Ld
∂ψI
− ∂α
∂Ld
∂ψIα
= ωgˆIJγ
αJ
K (ψ
K
α + Γˆ
K
αLψ
L) + ωψLgˆLJγ
αJ
K Γˆ
K
αI
− (ωψJα gˆJKγ
αK
I + ωψ
J ΓˆLαJ gˆLKγ
αK
I + ωψ
J gˆJKγ
αK
L Γˆ
L
αI)
= ωgˆIJγ
αJ
K (ψ
K
α + Γˆ
K
αLψ
L)− (ωψJαgˆJKγ
αK
I + ωψ
J ΓˆLαJ gˆLKγ
αK
I )
= ωgˆIJγ
αJ
K (ψ
K
α + Γˆ
K
αLψ
L) + ωψJαγ
αK
J gˆKI + ωψ
J ΓˆLαJγ
αK
L gˆKI
= ωgˆIJγ
αJ
K (ψ
K
α + Γˆ
K
αLψ
L) + ωγαKJ (ψ
J
α + Γˆ
J
αLψ
L)gˆKI
= ωgˆIJ(Dψ)
J + ω(Dψ)K gˆKI
where we have used equation (4). As gˆ is symmetric, equation (19) follows.
The variation of L with respect to ψ therefore leads to the (real) Dirac
equation
Dψ + µψ = 0, where Dψ = γα(∂αψ + Γˆαψ) (20)
5.2 Metric variation
We now vary the individual summands in the Lagrangian (17) with respect
to the metric. As expected, varying the gravity term Lg will give the Einstein
tensor. Varying the mass and Dirac terms Lm and Ld will give a source term
for the Einstein equation.
5.2.1 Gravity term
To compute the metric variation of Lg, a computer algebra system was used.
In the case when the metric is diagonal, the value of Lg = ω tr(γ
αγβΩˆαβ) is
found to be a scalar multiple of the scalar curvature of M . Specifically,
Lg = −8ωR
where R is the scalar curvature of M . This equality must then hold for all
metrics. Standard results from general relativity then imply that
δLg
δgαβ
= −8ωGαβ (21)
with Gαβ = Rαβ − 1
2
gαβR the Einstein tensor, and Rαβ the Ricci curvature
tensor.
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5.2.2 Mass and Dirac terms
Recall that ∂ω/∂gαβ =
1
2
gαβω. As Lm = ωψ
T gˆψ, we consequently have
δLm
δgαβ
=
∂Lm
∂gαβ
= ωψTAαβψ where Aαβ
.
= 1
2
gαβ gˆ +
∂gˆ
∂gαβ
Now consider Ld = ωψ
T gˆγρ(∂ρψ+Γˆρψ), which is a function of the metric
and its first order derivatives. Set gαβǫ
.
= ∂ǫ gαβ. One computes that
δLd
δgαβ
=
∂Ld
∂gαβ
− ∂ǫ
∂Ld
∂gαβǫ
= ω
(
ψTAαβDψ + ψTP αβψ + ψTQαβǫ∇ǫψ
)
with Aαβ as above, and
P αβ
.
= gˆγν
∂Γˆν
∂gαβ
− Γµµǫgˆγ
ν ∂Γˆν
∂gαβǫ
− gˆ,ǫγ
ν ∂Γˆν
∂gαβǫ
− gˆγν,ǫ
∂Γˆν
∂gαβǫ
− gˆγν∂ǫ
∂Γˆν
∂gαβǫ
+ ΓˆTǫ gˆγ
ν ∂Γˆν
∂gαβǫ
+ gˆγν
∂Γˆν
∂gαβǫ
Γˆǫ
Qαβǫ
.
= gˆ
∂γǫ
∂gαβ
−
∂ΓˆTν
∂gαβǫ
γνT gˆ − gˆγν
∂Γˆν
∂gαβǫ
If we use equations (2) and (5) in the above expression for P αβ, and the fact
that γν and gˆ do not depend on the first derivatives of the metric in the
expression for Qαβǫ, we may rewrite the previous equations in the form
P αβ = gˆP˜ αβ
P˜ αβ = γν
∂Γˆν
∂gαβ
+ (Γνǫµγ
µ − Γµµǫγ
ν)
∂Γˆν
∂gαβǫ
− γν∂ǫ
∂Γˆν
∂gαβǫ
+ γν
[ ∂Γˆν
∂gαβǫ
, Γˆǫ
] (22)
Qαβǫ = gˆ
∂γǫ
∂gαβ
−
∂
∂gαβǫ
(
gˆγνΓˆν + (gˆγ
νΓˆν)
T
)
(23)
Unfortunately, manual computation of P αβ and Qαβǫ does not appear to
be practical. A computer algebra system was used with a metric that is
diagonal. The quantity P αβ is found to be identically zero:
P αβ = 0.
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Note that if we assume that P αβ is a tensor, then this implies that P αβ is
zero, regardless of whether the metric is diagonal or not.
On the other hand, the quantity Qαβǫ is not trivial, and for a diagonal
metric is given by
Qαβǫ = −1
2
gˆ K(αβǫ) γαγβγǫ for α ≤ β (24)
and Qβαǫ = Qαβǫ. Here K(αβǫ) is the diagonal matrix defined by the rules
K(ααα)
.
= I (16× 16 identity)
K(ααǫ)
.
= Sˆ(αǫ)
K(αβα)
.
= −I
K(αββ)
.
= −K(ααβ)
K(αβǫ)
.
= −S(αβǫ)
(25)
for α, β, ǫ taking distinct values with α < β. The map S(αǫ) is reflection
within the 2–plane in R4 spanned by the vectors eα and eβ. I.e.,
S(αǫ)eα = −eα and S(αǫ)eǫ = −eǫ
and 4–vectors in the complementary 2–plane are fixed. For example, S(01)
is the 4 × 4 matrix with S(01)e0 = −e0, S(01)e1 = −e1, S(01)e2 = e2,
and S(01)e3 = e3. K(001) is then the extension of this map in the sense of
equation (8). For instance,
K(001)e02 = Sˆ(01)e02 =
(
S(01)e0
)(
S(01)e2
)
= (−e0)(e2) = −e02.
On the other hand, S(αβǫ) is the reflection within the 4–plane of Cl(R4)
spanned by the basis vectors eαǫ, eαǫ∗ , eβ , and eβ∗ . The notation I
∗ denotes
the index set complementary to I in {0, 1, 2, 3}. E.g., 02∗ = 13 and 1∗ = 023.
Explicitly,
S(αβǫ)eαǫ = −eαǫ, S(αβǫ)eαǫ∗ = −eαǫ∗ ,
S(αβǫ)eβ = −eβ, S(αβǫ)eβ∗ = −eβ∗
while vectors in the complementary 12–plane are fixed. Thus for example,
S(012) is 16× 16 linear map such that
S(012)e02 = −e02, S(012)e13 = −e13, S(012)e1 = −e1, S(012)e023 = −e023
and S(012) leaves all other basis vectors of Cl(R4) fixed.
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5.2.3 Coupled Einstein equation
Taking the above computations together, we find that the variation of L with
respect to gαβ leads to the Einstein equation with source term:
8κGαβ = ψTAαβ(Dψ + µψ) + ψTQαβǫ∇ǫψ
In particular, if ψ satisfies the Dirac equation Dψ + µψ = 0, then we have
Gαβ =
1
8κ
ψTQαβ
ǫ∇ǫψ (26)
after lowering indices. We note that if we add the summand Lc = λω to the
Lagrangian in (17), we will obtain a cosmological term in equation (26).
6 Minimal coupling
To incorporate forces other than gravity into our framework, we use minimal
coupling. That is, we replace the extended connection Γˆα in equation (20)
with the total connection
Cα = Γˆα + θα. (27)
Here the θα are 16 × 16 matrices that correspond to the additional force.
Under a local change of basis B for T∗M , they must transform according to
the rule
θ′α = (B
−1)βαBˆθβBˆ
−1. (28)
Indeed, the same argument that was used to deduce the transformation rule
for Γˆα, equation (11), implies that Cα transforms in exactly the same way as
Γˆα. The transformation rule for θα then follows.
The matrices θα matrix must have some additional properties. We require
that the field variation of the sum of Lagrangian densities Ld+Lm yield the
minimally coupled Dirac equation. That is, if we use the total connection
Cα in place of the extended connection, then we should still arrive at equa-
tion (19) when we vary Ld with respect to the field ψ. By examining the
computation that follows equation (19), we find that the two conditions
CTα gˆ + gˆCα = ∂αgˆ and [γ
α, Cα] = ∂βγ
α + Γαβǫγ
ǫ
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are sufficient to do this. On the other hand, the extended connection already
satisfies equations (2) and (5). So the matrices θα must satisfy
θTα gˆ + gˆθα = 0 and [γ
α, θα] = 0. (29)
The distinct types of matrices that satisfy equation (29) will be examined in
a separate article.
We remark that it is not clear how to incorporate non–gravitational forces
into the Lagrangian, equation (17). The “minimal” choice would be to set
Lg = ω tr(γ
αγβFαβ)
where Fαβ is the curvature of the total connection. However, in flat spacetime
where the extended connection is trivial, the fact that θα commutes with the
gamma matrices will imply that Lg = 0. To avoid this, we may make the
choice
Lg = ω tr(Fαβ F
αβ).
Another choice is
Lg = ω tr2(γ
αγβFαβ)
where tr2 is the 2–trace mentioned after theorem 3.1. In the case of a flat
spacetime, these two choices are equivalent. Also possible, but even more
computationally formidable, is
Lg = ω det(I + τγ
αγβFαβ)
= ω + ωτ tr(γαγβFαβ) + ωτ
2 tr2(γ
αγβFαβ) + · · ·+ ωτ
16 det(γαγβFαβ)
where τ is a constant.
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